EK ET E EKETE: International Journal of Advanced Research
Volume 2 Number 5, September 2024
== Internatonal Journal of Advonced Research

ISSN 3027-2513 (ONLINE) url: https://journals.journalsplace.org/index.php/EKETE

ISSN 3027-169X (PRINT) Email: ekete'ournal@mail.com

A BETTER APPROXIMATION OF DEFINITE
INTEGRAL USING DIFFERENT NODES OF
COMPOSITE TRAPEZOIDAL RULE

Onosemuode Edesiri Kelvin?*, Ibina Emmanuel Ogbonna? and
Anigboro Bethel Okeoghene 3

1&2 Department of Mathematics and Statistics, Akanu Ibiam Federal Polytechnic Unwana,
Afikpo Ebonyi State, Nigeria.

3Department of Mathematics, School of Science, Delta State College of Education, Mosogar,
Delta State, Nigeria.
*Corresponding author: edesirikelvinl @gmail.com

Abstract

One of the major work of researchers in Mathematics especially in the area of Numerical, is to
derive formulas that will give a better approximate solution to the exact solution of a particular
problem. In this research work, the Composite Trapezoidal Rule (CTR) with 3, 5, 9 and 11 nodes
were derived and applied to a particular integral problem. First the given problem was solved
using the Simple Trapezoidal Rule (STR) and the result was used to compare the 3, 5, 9 and 11
nodes Composite Trapezoidal Rule (CTR). The results show that the Composite Trapezoidal rule
yield a better approximation to the exact solution than the Simple Trapezoidal Rule (STR). The
result further shows that the smaller the interval, the better the approximation of the integral to
the exact solution.

Keywords: Numerical Integration, Interpolation Quadrature, Trapezoidal rule, Composite
Trapezoidal Rule.
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Introduction

Many numerical integral problems with unachievable solution when solved analytically can be
solved numerically to get the approximate solution under a prescribed condition, (Mir, et al, 2020).
In numerical, we seek the best method that yield a better approximation to the exact solution of
any given problem. The quadrature represents an accurate method for numerical integration of
polynomials and is a technique of subdividing the limit integral into equal intervals (Tahar, 2018).

Numerical integration also called numerical quadrature is a technique used in analysis to
approximate the definite integral of a function over a specified interval. Numerical integration
becomes necessary when standard mathematical methods cannot evaluate the integral, (Kress,
1998). Analytical integration, which works well with simple and well-defined function, falls short
when dealing with complex real-world problems that lack closed-form solution. In such scenarios,
numerical integration must be used as a way to approximate the integral’s value to the correct level
of accuracy (Kress, 1998). While trying to solve a higher order function, Abdulhameed and
Qurban, (2021) in their study “An improved Trapezoidal Rule for Numerical Integration”
developed a Composite Trapezoidal Rule which yielded a better approximate result in comparison
to the existing simple trapezoidal rule. In addition to solving higher order functions, the Composite
Trapezoidal Rule (CTR) could also be applied in different areas of engineering such as Aerospace,
Civil, Marine, Mechanical, Automobile etc (Maharudra , Bheemsha & Rajanna, 2021). In the
application of the method, Maharuda et al. (2021) used eight node elements with five degrees of
freedom at each node. And the accuracy of their result was confirmed by comparing with available
literatures. The approximate area of West Java Province was calculated with the use of Composite
Trapezoidal Rule (Widal, et al 2021). In applying the rule, the province was partitioned into 9, 11
and 36 partitions with different quadrants and a better result was achieved.

There are two basic classes of the Newton-Cotes integration formulas, namely: the closed and open
formulas. While the close formulas include the end-points of the range of integration among the
nodes, the open formulas do not. The Trapezoidal and Simpson rules belong to the closed New-
Cote integration formula.

The Simple Trapezoidal Rule

Whenn=1 , the quadrature points are X, andX, there is one step with
X,=aand x, =band h=b-a . The quadrature rule is

J‘f(x)dx:ZCk f.=C,f(x,)+C,f(x) @)

C,f(a)+C,f(b) , from equation 1, we have the following
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The formula can therefore be written as

[ 1000~ 1t @)+ 10)] ~ O t(@) s 10) @

a

Equation 2 above is known as the Simple Trapezoidal Rule (STR)

Derivation of Composite Trapezoidal Rule (CTR)

Peter (1994) observed that high accuracy is not often achieved with the simple quadrature rules
(Simpson and Trapezoidal), hence the idea of the Composite Trapezoidal Rule (CTR) that give
better approximation and high accuracy in comparison with the Simple Simpson and Trapezoidal
rules.

A lower or simple quadrature rule can be made to possess higher accuracy by dividing its range of
integration into numbers of N say of equal subintervals and applying the simple quadrature rule to
each of the new subintervals. Thought the composite trapezoidal rule has been in existence with
its benefit of yielding a better approximate result and high rate of accuracy, researchers find it
difficult in using it because of its tedious computation. Since the smaller the intervals the better
the approximation, there will be stage of computation before we arrive at the desire result. So, the
research is to enlighten researchers of the important of the method and its wide application in real
life situation.

n=numberof points
b =theupper limit of therange
a = lower limit of therange
a

h =is the step lenght which is defined ash = b-a
a

Deriving the composite version of the Trapezoidal rule, we letX, =X, +Kkh, X, =a, X, =D,

The interval [a,b] is divided to get n+1 nodes Xy, X, X3,"*, X4, X, in turn which yield

subintervals [Xo,Xl] [, %, ] [Xz,Xg] [n 2 nl][an, n] The quadrature is then applied to
each subinterval with

X, =xk_1=b;a=h, k=123,norx =X, +kh.
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For the kth interval, [Xk,l, Xk]. The simple rule produces.
X h
Ji 1000211 () )]

I, f(X)dng[f(xo+(k—1)h)+ (%, +kh)]

X1

J.:k: f(X)dng[f(a+(k—l)h)+ f (a+kh)] .

Now for K =1,---,(n—1),n we get equation 4 from equation 3 after substitution,

[ f(x)ox zg{[:[f @)+ f@+h]++ [ [fla+(-2h)+ fla+ -]+ [ [@+n-Dh)+ f(b)]}
(4)

Now

[ f(a)dXz( Pl [ )f(x)dx (5)

zg{[f(a)+ f(a+h)]+[f(@+h)+ f(@a+2h)]+---+[f(@a+(n-2)h+ f(a+(n-1)h))]+[f(a+(n-1h)+ f (b)]}
(6)

Equation 6 can also be written as

j:f(x)dng{f(a)+2f(a+h)+ f(@a+2h)+---+2f(a+(n-1)h)+ f(b)} )

And finally, the CTR in a compact form is written as follows

h

I:f(x)dXzE{f(aH f(b)+2nif(a+ kh)} @®

Derivation of The Three Nodes Composite Trapezoidal Rule

Once the numbers of nodes is more than 2, the Simple Trapezoidal rule becomes composite. So,
for nodes 3, we have the following variables for computation.

X, — X .
270 gsince there are two

The nodes are x,, x,, x,, meaning n+1=3, and n-1=1. h=

subintervals, [x,,x,] and [x,, x,], the quadrature rule can therefore be written using equation 4
as follows
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k=1 j f (x)dx zg[f (a)+ f(a+h)]
k=2 sz f (x)dx ~ g[f (a+h)+ f (a+2h)], using the various nodes, we have
szf (x)dx zUX1+J'X2 )f(x)dx substituting into equation 8, using the interval and the end-
points, we have
jxxzf(x)dXz%[f(a)+f(a+h)+f(a+h)+f(b)] 9)
Equation 9 can be written in a compact form as follows:

j f (x)dx ~ %[f @)+ f(b)+2f(a+h)] (10)

Derivation of the 5 Nodes Composite Trapezoidal Rule
Having 5 nodes, we therefore have the following

X, — %o

Xor Xi» Xy, X3, X,0 N+1=5=>n=4 and h= , since we have four subintervals which

include

[%0: %, ] [%0, %, ) [X,» %5 ] [%5. %, ]» We hereby have the following using equation 4
k=1 j f (x)dx zg[f (a)+ f(a+h)]
k=2 j f(x)dng[f(a+ h)+ f (a+2h)]
k=3 j:f(x)dx zg[f (a+2h)+ f(a+3h)]
k=4 L: f (x)dx zg[f (a+3h)+ f (a+4h)]. Inasimilar way, we have
[ f 00dx z( [l jf(x)dx and

j:“f (x)dx ~ g{f (@) + f(b)+2f[(a+h)+(a+2h)+(a+3h)]} 11)
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Derivation of the 9 Nodes Composite Trapezoidal Rule
Having 9 nodes, we have the following variables for computation

Xg — X
Xo» Xi» Xp Xg0 Xys Xo» Xg Xp, Xg0 N+1=9=>n=8 and h="2_=0

, since we have eight subintervals

which include

[xo0 %] [0 %o ] a0 %o DX, %61, %6 %60 %o} [%e0 X, %7, %, ], We hereby have the following,
using equation 4

k=1 Lxlf(x)dng[f(aHf(a+h)] k=2 J'szf(x)dng[f(a+h)+f(a+2h)]

k=3 Ixx3f(x)dng[f(a+2h)+f(a+3h)] k=4 j:“f(x)dng[f(a+3h)+f(a+4h)]
k=5 Ixxsf(x)dng[f(a+4h)+f(a+5h)] k=6 Ixxef(x)dng[f(a+5h)+f(a+6h)]

k=7 LX;f(x)dng[f(a+6h)+f(a+7h)] k=8 jxtsf(x)dng[f(a+7h)+f(a+8h)]

In a similar way, we have

J.:s f(x)dx ~ U:1+ [

Xy X2

X, X X X X,
+ 6+I 7+IS )f(x)dx and
%3 Xy I dXg  Ixg

j:sf(x)dmﬂ{[f(a)+ f(a+h)]+[f(@+h)+ f(a+2h)]+[f(a+2h)+ f (a+3h)]+---+[f (@a+7h)+ f (b)]}

16
a2)
J'Xzsf(x)dXz%{f(a)+ f(b)+2f(a+h)+2f(a+2h)+2f(@+3h)+---+2f(a+7h)} (13)
From equation 13 we can define the 9 nodes Composite Trapezoidal Rule as follows
j::f(x)dx z%{f (a)+ f(b)+2f[(@a+h)+(a+2h)+(a+3h)+---+(a+7h)]} (14)

Derivation of the 11 Nodes Composite Trapezoidal Rule

Having 11 nodes, we have the following points
Xo» X1y Xy Xgy Xgs X5, Xg, X7y Xgy Xgy Xyg 1 nN+1=11=n=10 and h =Xlol—(—)xo, since we have ten
subintervals which include

[Xo’ Xl]' [X11 X, ]1 [X21 X3 ]v [XS' X4 ]- [X4, Xs]a [st Xe ], [XG’ X7 ]1 [X71 Xg ], [Xsa X9 ], [Xg, XlO]’ we hereby have the
following, using equation 8
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k=1 L?f(x)dng[f(aHf(a+h)] k=2 j:f(x)dmg[f(a+h)+f(a+2h)]

k=3 jxxsf(x)dng[f(a+2h)+f(a+3h)] k=4 j:“f(x)dm%[f(a+3h)+f(a+4h)]
k=5 J':Sf(x)dng[f(a+4h)+f(a+5h)] k=6 J':Gf(x)dng[f(a+5h)+f(a+6h)]

k=7 Lx7f(x)dng[f(a+6h)+f(a+7h)] k=8 Ixng(x)dng[f(a+7h)+f(a+8h)]

k=9 j::f(x)dmg[f(a+8h)+f(a+9h)] k=10 j:“’f(x)dm%[f(a+9h)+f(a+10h)]

In a similar way, we have
[t (ydx ~ ( (o[ e [ o e [ )f(x)dx and

j f(x)dXzZ%{[f(a)Jr f(a+h)]+[f(a+h)+ f(a+2h)]+[f(a+2h)+ f (a+3h)]+---+[f(@a+9h)+ f (b)]}
(15)

_[Xm f(x)dx:z—r:){f(a)+ f(b)+2f(a+ h)+2f(a+2h)+2f(a+3h)+-~+2f(a+9h)} (26)
From equation 16 we can define the 11 nodes Composite Trapezoidal Rule as follows

[ £ ox zz—ho{f<a)+ f(b)+2f[(@a+h)+(a+2h)+(@+3n)+--+(a+9)] )

Numerical Example

Given the integral J’Old—x we will apply it to the Simple Trapezoidal Rule with 2 nodes. And

1+X
also, compare the result with that of the Composite Trapezoidal rule with node 3 5, 9 and 11.

The Simple Trapezoidal Rule
Using equation 2 above, the Simple Trapezoidal Rule, has the following approximate value

a=0, b=l f(x)zﬁ, f(a)=f(0)=1, f(b):f(l):%, h=1

2
2| 2|2 4
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The Three Nodes Composite Trapezoidal Rule

The Composite Trapezoidal Rule defined in equation 9, can be applied to the above problem as
follows:
b—a 1-0

=>h=——=
2 2

Xor X1 Xou p_

N |-

X, =0, x1=a+h:>x1=0+%=%, X, =1

-1 1(3]-2 10-3

Substituting the above values into equation 11 above, we have

ff(x)olm1 1+1+2(3j _17 . 0708333
0 47" 2" 13)] 24

Five Nodes Composite Trapezoidal Rule

Computing the 5 nodes, we have

1 2 3
Xo =0, xl=a+h:>x1=Z, XZ:Z X3:Z’ X, =1

o (B G R

Substituting the above values into the equation 11, we have

J’lf(x)dle 1+ o[22, 4| L 0697004
8 2 15 3 7

0

Nine Nodes Composite Trapezoidal Rule

With Nine nodes, we have the following data

1
Xo» Xs Xp X3, Xgy Xgy Xg, X7, Xg hzg

N |-
>
(6]
|

o | Ul
=<
(2]
|

N|w
>
3
Il

0|~
>
[e2)

Il
(SN

’ Xzzlx X3:§| Xy =
4 8

X, =0, X1=%



©EKETE

Internatonal Journal of Advanced Research Ekete - International Journal of Advanced Research Vol. 2 No. 5, September 2024

Substituting into the given function, we have

o (3 (L) )5 8 O (-

Substituting the above values into equation 13, we get the following result

[100axn | 1S a2 242, 2 2, 8 2 8 1) 1AM 604135
: 16 2  \9'5 11 3 13 7 15)] 16| 4054050

The Eleven Nodes Composite Trapezoidal Rule

With Eleven nodes, we have the following data

1
Xoy Xiy Xow Xay Xgy Xey Xey Xoy X, Xg, X h=—
0 1 2 3 4 5 6 7 8 9 10 10
x—Ox—ix—lx—ix—Ex—l x—§ x—lx—ﬂx—ix—l
7t 10'? 570 100t 570 27 s T 107" 5770 1077
Substituting the above values into the given function, we have
X—Ox—@x—Ex—Ex—Ex—z X_§ X_EX_§X_EX_1
Co Tt e’ 13’ 7 3 gt T 17t 9t 197 2

Substituting the above values into equation 17, we get the following result

+—+
11 6 13 7 3 8 17 9 19

1{ 1 (20 10 20+1O 4 10 20+10+20H 1(11628347112
2

1
f(x)dx~—|1
'L (X) X " 20\ 838,053,216

~0.693771
20

The exact solution of the integral is 0.693147

Table 1. Presentation of Numerical Result

Nos of Nodes STR CTR
2 0.750000
3 0.708333
5 0.697024
9 0.694135
11 0.693771
Conclusion
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From the results in table 1 above, it can be shown that the 2 nodes Simple Trapezoidal Rule (STR)
has an approximate value of 0.750000, which is not a good approximate value to the exact solution
of the given integral. But considering column three of the above table, we observed that as the
values of the nodes increase, the better the approximation of the function to the exact solution.
This shows that the smaller the interval, the better the approximation. In real life application, area
of irregular shape of land scape, convex bridge e.tc can easily be calculated with the help of
Composite Trapezoidal Rule with good approximate result, which might not be achievable with
simple Simpson Rule and the simple Trapezoidal Rule. Conclusively, most mathematical model
of real life situation having many variables may not be solved with high accuracy of result using
certain quadrature rule, in such situation, the composite trapezoidal rule should be the better option.
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